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QUANTITATIVE MODE STABILITY FOR THE WAVE EQUATION ON THE
KERR–NEWMAN SPACETIME
DAMON CIVIN
Abstract. Quantitative versions of mode stability type statements for the wave equation on Kerr–
Newman black holes are proven for the full sub-extremal range (a2 + Q2 < M2). The mode stability
result on the real axis is then applied to prove integrated local energy decay for solutions restricted to a
bounded frequency regime. This is an important element of the proof of unrestricted boundedness and
decay statements, presented in a forthcoming companion paper.
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1. Introduction
Spacetime outside of a stationary, charged, rotating black-hole is described by a member of the
subextremal family of Kerr–Newman solutions of the Einstein electrovacuum equations.
One of the most important open problems in general relativity is the nonlinear stability of the exterior
Kerr(–Newman) metric (see [18]). At present, the only global nonlinear stability result in the asymptoti-
cally flat setting is that for Minkowski space, proved by Christodoulou and Klainerman in [5]. Following
the philosophy of their monumental proof, the first step in the journey toward resolution of the nonlinear
stability problem is the analysis of the linear stability problem using sufficiently robust techniques. The
simplest such linear problem is that of the scalar wave equation
gψ = 0, (1)
which may be thought of as a “poor-man’s version” of the linearised Einstein equations (taken around a
subextremal Kerr–Newman metric g). Thus, the boundedness and decay in time of such ψ on a Kerr–
Newman background may be thought of as stability of this spacetime for linear scalar perturbations.
This linear stability result is proved in this paper’s companion, [6], following the approach taken for the
Kerr case by Dafermos, Rodnianski and Shlapentokh-Rothman in [8] and [12].
I would like to express my gratitude to my supervisor, Prof. M. Dafermos, for suggesting the problem and his advice and
to Y. Shlapentokh-Rothman for insightful discussions and comments on the manuscript. I am also grateful to M. Joaris for
her caring and patience and my family for their support and encouragement. My thanks also go to my fellow students for
providing an atmosphere in which it is a pleasure to work. I am supported jointly by a Cambridge Commonwealth Trust
scholarship and UK Engineering and Physical Sciences Research Council (EPSRC) grant EP/H023348/1.
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As in the Kerr case, one of the major difficulties in understanding (1) is that of superradiance, the
fact that the conserved ∂t energy is not positive definite and thus does not control the solution ψ. After
an appropriate frequency localisation in the frequency parameters ω and m (corresponding to the Killing
fields ∂t and ∂φ respectively), the superradiant frequencies are seen to be those satisfying
0 ≤ mω ≤ am
2
2Mr+ −Q2 . (2)
In particular, the ∂t energy identity does not preclude finite-energy exponentially growing mode solutions
(with explicit t, φ dependence e−iωteimφ ) associated with the frequencies (2), with ω in the upper half-
plane. The statement that such modes do not exist is known as mode stability. In the Kerr case, this
has indeed been proven by Whiting in the celebrated [22].
The proof of quantitative boundedness and decay for solutions of (1) in the Kerr case given in [12] in
fact depended on a quantitative refinement of Whiting’s [22]. The necessary refinement was proved very
recently by Shlapentokh-Rothman in [19] by first extending [22] to exclude resonances on the real axis
and then refining this qualitative statement to a quantitative estimate.1
Turning to the Kerr–Newman spacetimes, even the analogue of Whiting’s mode stability is absent
in the literature. In the present paper, we will prove for these spacetimes both the qualitative mode
stability results (in the upper half-plane and on the real axis) as well as the quantitative estimate in the
spirit of [19]. In particular, the latter result is needed for the general boundedness and decay results
presented in the companion paper [6]. The precise mode stability results are stated here in §3 and the
estimate needed in [6] is presented here in Theorem 6.4.
In the Kerr case, the crucial ingredients in the proof of mode stability given in [22] and [19] are the
remarkable transformation properties of the radial ODE satisfied by the modes. Miraculously, all the
essential elements of this structure are preserved in passing from the Kerr to the Kerr–Newman solution.
In particular, we show that the radial ODE can be represented as a confluent Heun equation (See §2.4).
We then define the Whiting transform for u(ω,m, λ, r) with Im(ω) ≥ 0 (see (16) for the definition).
The Whiting transform takes the solution u∗ of a confluent Heun equation to u˜ which solves another
confluent Heun equation with different coefficients (See Proposition 4.1). There are three pivotal facts
about this transform:
(a) The potential in the confluent Heun equation satisfied by u˜ possesses certain positivity properties.
(See Proposition 5.1.)
(b) u˜ has ‘good’ asymptotics near the horizon and near null infinity. (See Propositions 4.2 and 4.3.)
(c) For ω 6= 0 on the real axis, the limit of u at the horizon is a positive multiple of the limit of u˜ at
r→∞. (See Proposition 4.3.)
The statements above were shown to be true for the Kerr case in [22] and [19]; there is no a priori
reason why one would expect these properties to carry over to the Kerr–Newman case. It is thus a
fortunate fact that the potential and ∆ parameter for the Kerr–Newman case differ from those in the
Kerr case in such a way that the conditions (a), (b) and (c) still hold. This is discussed further in §4.
For an introduction to many concepts relevant to this paper and an overview of the Kerr case, the
reader is referred to the lecture notes [11], the survey paper [9] and the recent [12]. For background on
the Kerr–Newman spacetimes, see [14], which deals with the Dirac equation.
2. Preliminaries
2.1. The Kerr–Newman spacetime. A subextremal Kerr–Newman manifold describes a stationary
spacetime in which there is a rotating charged black hole. The Kerr–Newman metric depends on three
physical parameters: the massM , angular momentum density a and charge density Q. These parameters
are expressed in “natural units” where the gravitational constant and speed of light have been set to
unity (G = c = 1).
Here we consider the subextremal family of Kerr–Newman spacetimes in which a black hole is present.
Subextremal means that 0 ≤ a2 +Q2 < M2. The other cases, a2 + Q2 = M2 (extreme Kerr–Newman)
and a2 +Q2 > M2 (fast Kerr–Newman) have profoundly different structure.
We will often drop the dependence of the metric on the parameters (a,Q,M) and denote an arbitrary
member of
{
ga,Q,M : a
2 +Q2 < M2
}
by g.
1In the case |a| ≪ M , one need not appeal to Whiting’s [22] (or its refinement [19]) as the small parameter may be
exploited to deal directly with superradiance. A boundedness result had been obtained for |a| ≪ M in [10] followed by
decay results in [1], [7] and [20]. For the situation in the extremal case |a| =M , see [2] and [3]. For the case where Λ > 0,
see [13] and for the Λ < 0 case, see [15], [16] and [17].
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We set, for a fixed triplet of parameters (a,Q,M),
r± := M ±
√
M2 − a2 −Q2
and define the manifold M to be covered by a “Boyer–Lindquist” coordinate chart2
M = {(t, r, θ, φ) ∈ R× (r+,∞)× S2} .
The Kerr–Newman metric in these coordinates is
gM,a,Q = −∆
ρ2
(
dt− a sin2 θdφ)2 + sin2 θ
ρ2
(
(r2 + a2)dφ − adt
)2
+
ρ2
∆
dr2 + ρ2dθ2, (3)
where ∆ = r2 − 2Mr + a2 +Q2 = (r − r+)(r − r−)
and ρ2 = r2 + a2 cos2 θ.
It will be useful to define another coordinate r∗(r) : (r+,∞)→ (−∞,∞) (up to a constant) by
dr∗
dr
=
r2 + a2
∆
.
The manifold M can be extended to a larger manifold M˜. The degeneration of the Boyer–Lindquist
coordinates at r = r+ is remedied by introducing the Kerr–Newman star coordinate chart (t
∗, r, θ, φ∗),
where: {
t∗ = t+ t¯(r), dt¯(r) = r
2+a2
∆ ,
and φ∗ = φ+ φ¯(r), dφ¯(r) = a∆ .
(4)
From this, one sees that the metric extends smoothly to a metric g˜ (defined by the expression arising
from applying (4) to (3)) on
M˜ = {(t∗, r, θ, φ∗) ∈ R× (r−,∞)× S2} .
Note that H+ := {r = r+} = ∂M⊂ M˜ is a null hypersurface in M˜. We shall refer to H+ as the horizon.
2.2. Mode solutions of the wave equation. For the Kerr–Newman metric in Boyer–Lindquist coor-
dinates, the wave equation is
1
ρ2 sin θ
[(
a2 sin2 θ − (a
2 + r2)2
∆
)
∂2t ψ −
a2
∆
∂2φψ −
2a(r2 + a2 −∆)
∆
∂t∂φψ + ∂r(∆∂rψ) + ∆/ S2ψ
]
= 0,
(5)
where ∆/
S2
denotes the (unit) spherical Laplacian:
∆/
S2
=
1
sin θ
∂θ(sin θ∂θ) +
1
sin2 θ
∂2φψ.
A general subextremal Kerr–Newman metric possesses only the two Killing fields ∂t and ∂φ. Nonetheless,
Carter discovered in [4] that (5) can be formally separated. This is related to the existence of an additional
hidden symmetry. We use this to make the following definition:
Definition 2.1. Let (M, g) be a subextremal Kerr–Newman spacetime. A smooth solution ψ of the wave
equation (5) is called a mode solution if there exist (ω,m, ℓ) ∈ C \ {0} × Z× {Z : ℓ ≥ |m|} such that
ψ(t, r, θ, φ) = R
(aω)
mℓ (r)S
(aω)
mℓ (θ)e
imφe−iωt,
where
1. S
(aω)
mℓ solves the following Sturm-Liouville problem
1
sin θ
d
dθ
(
sin θ
dS
(aω)
mℓ
dθ
)
−
(
m2
sin2 θ
− a2ω2 cos2 θ
)
+ λ
(aω)
mℓ S
(aω)
mℓ = 0 (6)
with the boundary condition that
eimφS
(aω)
mℓ (θ) extends smoothly to S
2, (7)
with S
(aω)
mℓ an eigenfunction with corresponding eigenvalue λ
(aω)
mℓ of the angular ODE (6).
3
2This coordinate chart is global modulo the degeneration of polar coordinates.
3The Sturm–Liouville problem admits a set of eigenfunctions
{
S
(aω)
mℓ
}∞
ℓ=|m|
and real eigenvalues
{
λ
(aω)
mℓ
}∞
ℓ=|m|
. The
eigenfunctions
{
S
(aω)
mℓ
}
are called “oblate spheroidal harmonics” and define an orthonormal basis for L2(sin θdθ).
3
2. R solves the radial equation[
∂r(∆∂r)− ω2
(
a2 − (a
2 + r2)2
∆
)
+
a2m2
∆
− 2amω(2Mr −Q
2)
∆
− λ(aω)mℓ
]
R = 0. (8)
3. R(r)(r − r+)−
i(am−(2Mr+−Q
2)ω)
r+−r− is smooth at r = r+.
4
4. There exist constants {Ck}∞k=0 such that for any N ≥ 1,
R(r∗) =
eiωr
∗
r
N∑
k=0
Ckr
−k +O(r−N−2),
for large r.5
The boundary conditions (7) and in points 3 and 4 above are uniquely determined by requiring that
ψ extends smoothly to the horizon H+ and has finite energy along asymptotically flat hypersurfaces for
Im(ω) > 0 and along hyperboloidal hypersurfaces for Im(ω) ≤ 0. See the discussion in [19, Appendix
D] for details, cf. [13] and [21].
It is convenient to define
u
(aω)
mℓ (r
∗) =
√
r2 + a2R
(aω)
mℓ (r) (9)
which satisfies
d2
(dr∗)2
u
(aω)
mℓ (r
∗) +
(
ω2 − V (aω)mℓ (r)
)
u
(aω)
mℓ = 0, (10)
where
V
(aω)
mℓ (r) =
2amω(r2 + a2 −∆)− a2m2 +∆ · (λ(aω)mℓ + a2ω2)
(r2 + a2)2
+
∆(r2 +∆+ 2Mr)
(r2 + a2)3
− 3∆
2r2
(r2 + a2)4
.
Note that even though R
(aω)
mℓ is complex-valued, the potential V
(aω)
mℓ is real.
We will often drop the indices ω,m, ℓ when there is no risk of confusion. We will also adopt the
convention that u′ denotes a derivative with respect to r∗.
2.3. The Wronskian. Through asymptotic analysis of (10), one can make the following definitions:
Definition 2.2. Let uhor(r
∗, ω,m, ℓ) be the unique function satisfying
1. u′′hor + (ω
2 − V )uhor = 0.
2. uhor ∼ (r − r+)
i(am−(2Mr+−Q
2)ω)
r+−r− as r∗ → −∞.
3.
∣∣∣∣∣
(
(r(r∗)− r+)−
i(am−(2Mr+−Q
2)ω)
r+−r− uhor
)
(−∞)
∣∣∣∣∣
2
= 1.
Definition 2.3. Let uout(r
∗, ω,m, ℓ) be the unique function satisfying
1. u′′out + (ω
2 − V )uout = 0.
2. uout ∼ eiωr∗ as r∗ →∞.
3.
∣∣(uoute−iωr∗) (∞)∣∣2 = 1.
One then defines the Wronskian
W (ω,m, ℓ) = uhor(r
∗)u′out(r
∗)− u′hor(r∗)uout(r∗). (11)
The Wronskian can be evaluated at any fixed r∗. The WronskianW will vanish if and only if the solutions
are linearly dependent. Then W = 0 implies
∣∣W−1∣∣ =∞. The quantitative mode stability result will be
an explicit upper bound for
∣∣W−1∣∣, so that uout and uhor are linearly independent and any solution of
the Carter ODE (10) can be expressed as a superposition of those solutions.
4We will subsequently denote this as R(r) ∼ (r − r+)
i(am−(2Mr+−Q
2)ω)
r+−r− at r = r+.
5We will subsequently denote this as R(r∗) ∼ r−1eiωr
∗
as r →∞.
4
2.4. The inhomogeneous equation. In the proof of Theorem 3.1, we will consider the following
inhomogeneous form of (8),[
∂r(∆∂r)− ω2
(
a2 − (a
2 + r2)2
∆
)
+
a2m2
∆
− 2amω(2Mr−Q
2)
∆
− λ(aω)mℓ
]
R
(aω)
mℓ = F, (12)
where F is a compactly supported smooth function on (r+,∞). The corresponding inhomogeneous
version of (10) is then
d2
(dr∗)2
u
(aω)
mℓ (r
∗) +
(
ω2 − V (aω)mℓ (r)
)
u
(aω)
mℓ = H :=
∆F
(r2 + a2)1/2
. (13)
3. Statement of mode stability results
For a subextremal Kerr–Newman spacetime (M, g), we have the following results.
Theorem 3.1 (Quantitative mode stability on the real axis). Let
F ⊂ {(ω,m, ℓ) ∈ R× {Z× Z | ℓ ≥ |m|}}
be a frequency range for which
CF := sup
(ω,m,ℓ)∈F
(
|ω|+ |ω|−1 + |m|+
∣∣∣λ(aω)mℓ ∣∣∣) <∞.
Then the Wronskian W given by (11) satisfies
sup
(ω,m,ℓ)∈F
∣∣W−1∣∣ ≤ G(CF , a,Q,M).
where the function G can, in principle, be given explicitly.
In proving the quantitative result above, we will also obtain the following qualitative results.
Theorem 3.2 (Mode Stability on the real axis). There exist no non-trivial mode solutions corresponding
to ω ∈ R \ {0}.
Theorem 3.3 (Mode Stability). There exist no non-trivial mode solutions corresponding to Im(ω) > 0.
Theorem 3.3 is the analogue of Whiting’s original mode stability result [22]. Theorem 3.2 is the
analogue of Shlapentokh-Rothman’s extension of Whiting’s mode stability result [22] to the real axis.
Theorem 3.1 is the quantitative refinement of Theorem 3.2 needed in the companion paper [6] for the
proof of linear stability of subextremal Kerr–Newman black holes.
Note that for non-superradiant frequencies ω, m, i.e. those outside of the range (2), Theorem 3.2 and
Theorem 3.3 follow immediately from the energy identity (see [19, §1.5 & §1.6]). In what follows, we will
not however make a distinction between superradiant and non-superradiant frequencies.
4. The Whiting transform
The problem with trying to derive energy estimates for the Carter ODE (10) is that the boundary
condition at r∗ = −∞ may give a non-positive term due to superradiance. To deal with this, we will
first cast (10) as a confluent Heun equation (15). Applying the Whiting transform (16) to (15), we will
obtain a new confluent Heun equation (17) with different coefficients and boundary conditions that allow
for a useful energy estimate.
4.1. The confluent Heun equation. We rescale R as follows. Let
u∗ := eiωr(r − r−)−η(r − r+)−ξR(r) (14)
where
η := − i
(
am− ω (2Mr− −Q2))
r+ − r− and ξ :=
i
(
am− ω (2Mr+ −Q2))
r+ − r− .
Then g satisfies the following Confluent Heun equation:
(r−r+)(r−r−)d
2u∗
dr2
+(γ(r − r+) + δ(r − r−) + p(r − r+)(r − r−)) du
∗
dr
+(αp(r − r−) + σ) u∗ = G (15)
5
where
γ := 2η + 1,
δ := 2ξ + 1,
p := −2iω,
α := 1,
σ := 2amω − 2ωr−i− λ(aω)mℓ − a2ω2
and G := eiωr(r − r−)−η(r − r+)−ξF.
This can be verified by a direct calculation, generalising the analogous computation in [22].
Note that, as in the (subextremal) Kerr case, r+ and r− are distinct roots of ∆. If ∆ had more roots,
or if these roots were not distinct, the Carter ODE would lie in a different class of equations.
4.2. The transformed equation. We now generalise the Whiting transformation to the Kerr–Newman
case.
Proposition 4.1. Let Im(ω) ≥ 0, ω 6= 0, and let R solve (12) with the boundary conditions of Definition
2.1. Define u˜ by
u˜(x∗) := (x2 + a2)1/2(x− r+)−2iMωe−iωx
∫ ∞
r+
e
2iω
r+−r−
(x−r−)(r−r−)(r − r−)η(r − r+)ξe−iωrR(r)dr (16)
where
η := − i
(
am− ω (2Mr− −Q2))
r+ − r− and ξ :=
i
(
am− ω (2Mr+ −Q2))
r+ − r− .
Then u˜(x) is smooth on (r+,∞) and satisfies the following confluent Heun equation:
u˜′′ +Φu˜ = H˜, (17)
where primes denote derivatives with respect to x∗ (and dx
∗
dx =
x2+a2
∆ ),
H˜(x∗) :=
(x− r+)(r − r−)
(x2 + a2)2
G˜(x),
G˜(x) :=
(x2 + a2)1/2
(x− r+)2iMω e
−iωx
∫ ∞
r+
e
2iω
r+−r−
(x−r−)(r−r−)
(r − r−)η(r − r+)ξe−iωrF (r)dr
and Φ(x∗) :=
(x− r−)(x − r+)
(a2 + x2)
4
((
2x2 − a2) (r−r+)− 2Mx(x2 − 2a2)− 3a2x2)
+
(x− r−)(x − r+)
(a2 + x2)2
(
4am(x−M)ω
r− − r+ − λ
(aω)
mℓ − a2ω2
+
8M2(x−M)(x− r−)ω2
(r− − r+)(r+ − x) +
(x− r−)
(
(r+ − r−)(x− r+)− 4Q2
)
ω2
r+ − r−
)
Proof. It turns out that the proof is a direct modification of the computations in [19, §4]. Let us
remark on the fortuitous structure of the Kerr–Newman spacetimes that makes this so. We have already
remarked in §4.1 that (15) is a confluent Heun equation and thus (at least formally) admits non-trivial
transformations. The exponents η and ξ are obtained from indicial equation associated to (10). They
are the unique exponents that give the correct asymptotics at r+ and r−.
The definitions of η, ξ, r+ and r− for the Kerr–Newman case differ from those in the Kerr case, but
the potential V
(aω)
mℓ , the parameter ∆ and the asymptotics of the solutions of mode solutions of (10),
have the same structure. The convergence of the integral in (16) thus follows as in [19, §4]. 
Remark. The Whiting transform is a shifted, rescaled Fourier transform of a rescaled version of R.
This fact will be crucial in showing that the vanishing of u˜ forces R to vanish.
4.3. Asymptotics of the transformed solution. The good asymptotic properties of u˜ (c.f. (b) and
(c) of the introduction) are encapsulated in the following two propositions.
Proposition 4.2. Let ω and u˜ be as in the statement Proposition 4.1. If Im(ω) > 0 then
1. u˜ = O
(
(x− r+)2MIm(ω)
)
as x→ r+.
2. u˜′ = O
(
(x − r+)2MIm(ω)
)
as x→ r+.
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3. u˜ = O
(
e−Im(ω)x
1+2MIm(ω)
)
as x→∞.
4. u˜′ = O
(
e−Im(ω)x
1+2MIm(ω)
)
as x→∞.
Proposition 4.3. Let ω and u˜ be as in the statement Proposition 4.1. If ω ∈ R \ {0} then
1. u˜ and u˜′ are uniformly bounded.
2. |u˜(∞)|2 = (r+−r−)2|Γ(2ξ+1)|24(2Mr+−Q2)ω2 |u(−∞)|
2, where Γ(z) :=
∫∞
0
e−ttz−1dt is the Gamma function.
3. u˜′ − iωu˜ = O (x−1) as x∗ →∞.
4. u˜′ + iωr−1+ (r+ − r−)u˜ = O (x− r+) as x→ −∞.
The proofs of these propositions are direct modifications of the computations in [19, §4].
For all the results above, except Proposition 4.3.2, the difference between the Kerr and Kerr–Newman
case is encapsulated within the different definitions of r+ and r−.
Proposition 4.3.2 is exceptional in that we see an explicit difference from the Kerr case. This is due
to the presence of (2Mr+ −Q2) in the null generator of the Kerr–Newman horizon.
Proposition 4.3.2 is crucial in proving the quantitative result Theorem 3.1 as it provides a correspon-
dence between the horizon asymptotics of the solution of the Carter ODE and the large r∗ asymptotics
of the transformed solution. This correspondence is what allows for the quantitative estimate of the
horizon flux in terms of the inhomogeneity F (see the proof of Proposition 5.3).
We can now prove the qualitative Theorems 3.2 and 3.3.
5. Proofs of mode stability
5.1. Qualitative results. The final element of the structure necessary to prove mode stability for the
Kerr–Newman spacetimes is the following positivity property (c.f. (a) of the introduction):
Proposition 5.1. Under the conditions of Proposition 4.1,
Im(Φω¯) ≥ 0.
If ω ∈ R \ {0}, then Φ is real-valued.
Proof. The second statement is clear from the definition of Φ. A (tedious) computation shows that
Im(Φω¯) =
(x − r−)(x − r+)
(a2 + x2)
2 Im
(
(−λ(aω)mℓ − a2ω2)ω¯
)
+
(x − r−)2(x− r+)2ωI |ω|2
(a2 + x2)
2
+
(x− r−)(x− r+)
(a2 + x2)4
(ωI)
(
x2(r+ − a2 −Q2) + r−(x2 + a2)(x− r+) + 2xa2(x + r− − r+)
)
+
(x− r−)(x− r+)ωI |ω|2
(a2 + x2)
2
(x− r−)
(
8M2(x−M)− 4Q2(x− r+) + (r+ − r−)(x − r+)2
)
(r+ − r−)(x − r+) .
To see that Im
(
(−λ(aω)mℓ − a2ω2)ω¯
)
≥ 0, multiply (6) by ωS(aω)mℓ and integrate by parts over [0, π].
The positivity of the other terms follows from the following chain of inequalities
0 ≤ r− ≤M ≤ r+ ≤ x
and the subextremal condition a2 +Q2 < M2. 
We define the microlocal energy current
Q˜T := Im(u˜
′ωu˜).
Proof of Theorem 3.3 (Mode stability in the upper half-plane). Let ω = ωR + iωI and Im(ω) = ωI > 0
and consider a mode solution of (5) with (u
(aω)
mℓ , S
(aω)
mℓ , λ
(aω)
mℓ ). Define u˜ to be the (16) of u
(aω)
mℓ . Then
Proposition 4.2 implies that Q˜T (±∞) = 0 so
0 = −
∫ ∞
−∞
(Q˜T )
′dr∗ =
∫ ∞
−∞
ωI |u˜′|2 + Im(Φω¯)|u˜|2dr∗
Since Proposition 5.1 guarantees that Im(Φω¯) ≥ 0, we conclude that, u˜, the Whiting transform of u
vanishes. Hence
R˜(x) :=
∫ ∞
r+
e
2iω
r+−r−
(x−r−)(r−r−)(r − r−)η(r − r+)ξe−iωrR(r)dr = 0.
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Extending R by 0, we see that the Fourier transform of (r − r−)η(r − r+)ξe−iωrR(r) is (up to a change
of variable)
Rˆ(z) :=
∫ ∞
−∞
e2i|ω|
2(z−r−)(r − r−)η(r − r+)ξe−iωrR(r)dr.
Since R is supported in [0,∞), Rˆ can be extended holomorphically into the upper half plane. Since R˜
vanishes on x ∈ (r+,∞), Rˆ = 0 on the line {z = ω¯(x − r+)/(r+ − r−) | x ∈ (r+,∞)}. Analyticity then
implies that Rˆ and hence R vanish everywhere. 
Lemma 5.2 (Unique continuation [19]). Suppose that we have a solution u(r∗) : (−∞,∞)→ C to
u+ (ω2 − V )u = 0
such that
1. ω ∈ R \ {0},
2. u is uniformly bounded and (|u′|2 + |u|2)(∞) = 0,
3. V is real, uniformly bounded, V = O(r−1) as r →∞ and V ′ = O(r−2) as r →∞.
Then u is identically 0.
Proof. This follows exactly as in [19, §6] 
Proof of Theorem 3.2 (Mode stability on the real axis). Let ω ∈ R \ {0} and consider a mode solution of
(5) with (u
(aω)
mℓ , S
(aω)
mℓ , λ
(aω)
mℓ ). Define u˜ by (16). By Proposition 4.1, Φ is real, so (Q˜T )
′ = 0 . Hence
Q˜T (∞)−QT (−∞) = 0. The boundary conditions from Proposition 4.3 then imply that
ω2|u˜(∞)|2 + |u˜′(∞)|2 + ω2 r+ − r−
r+
|u˜(−∞)|2 + r+
r+ − r− |u˜
′(−∞)|2 = 0.
By Lemma 5.2, we conclude that u˜ vanishes.
Extending R by 0, we see that
R˜(y) :=
∫ ∞
−∞
e
2iω
r+−r−
(y−r−)(r−r−)(r − r−)η(r − r+)ξe−iωrR(r)dr
vanishes for {y ∈ (r+,∞)}. Since the Fourier transform of a non-trivial function supported in (0,∞)
cannot vanish on an open set, R must vanish everywhere. 
5.2. Quantitative results. The strategy is to express u˜ in terms of the functions uout and uhor and W
defined in §2.3 and obtain an an estimate for W−1 in terms of u(−∞). This quantity is then estimated
using the ODE (13).
Proposition 5.3. Define F as in Theorem 3.1. For (ω,m, ℓ) ∈ F let u solve (13) with H(x∗) a smooth,
compactly supported function. Then for ǫ > 0, there exists a positive constant C := C(F , a,Q,M) such
that
|u(−∞)|2 ≤ C
(
ǫ−1
∫ ∞
r+
|F (r)|2r4dr
)
.
Proof. Since (Q˜T )
′ = ωIm(H˜u¯),∫ ∞
−∞
ωIm(H˜u¯)dr∗ = Q˜T (∞)− Q˜T (−∞).
The boundary conditions from Proposition 4.3 imply that
ω2|u˜(∞)|2 + |u˜′(∞)|2 + ω2 r+ − r−
r+
|u˜(−∞)|2 + r+
r+ − r− |u˜
′(−∞)|2 =
∫ ∞
−∞
ωIm(H˜u¯)dr∗.
So changing variables, applying the Plancherel identity and the Cauchy Schwarz inequality, we have
ω2|u˜(∞)|2 ≤
∫ ∞
−∞
ωIm(H˜u¯)dr∗ ≤ C
(
ǫ−1
∫ ∞
r+
|F (r)|2r4dr + ǫ
∫ ∞
r+
|R(r)|2dr
)
.
Then by Proposition 4.3
|u(−∞)|2 = 4ω
2(2Mr+ −Q2)
|Γ(2ξ + 1)|2 |u˜(∞)|
2 ≤ C
(
ǫ−1
∫ ∞
r+
|F (r)|2r4dr + ǫ
∫ ∞
r+
|R(r)|2dr
)
.
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Finally, ∫ ∞
r+
|R(r)|2dr ≤ C
∫ ∞
r+
|F (r)|2r4dr,
by the same argument as found in [19, §5]. 
For the quantitative result, we construct mode solutions solutions to the Carter ODE from the Wron-
skian and apply the proposition above.
Lemma 5.4. Let H(x∗) be compactly supported. For any (ω,m, ℓ) ∈ F (where F is as defined in
Theorem 3.1), the function
u(r∗) = W (ω,m, ℓ)−1
(
uout(r
∗)
∫ r∗
−∞
uhor(x
∗)H(x∗)dx∗ + uhor(r
∗)
∫ ∞
r∗
uout(x
∗)H(x∗)dx∗
)
satisfies
u′′ + (ω2 − V )u = H
and the boundary conditions of a mode solution (see Definition 2.1).
Proof. This is verified by a direct calculation. 
Proof of Theorem 3.1 (Quantitative mode stability on the real axis). Define u˜ by Lemma 5.4. Then
|u(−∞)|2 =
∣∣W−2∣∣∣∣∣∣
∫ ∞
−∞
uout(x
∗)H(x∗)dx∗
∣∣∣∣2.
Rearranging this expression and applying Proposition 5.3 we find that
∣∣W−2∣∣ = |u(−∞)|2∣∣∣∫∞−∞ uout(x∗)H(x∗)dx∗∣∣∣2 ≤ C
∫∞
−∞
∣∣(r2 + a2)1/2∆−1H(x∗)∣∣r4dr∣∣∣∫∞−∞ uout(x∗)H(x∗)dx∗∣∣∣2 .
Note that by Proposition 4.3, for sufficiently large x,
∣∣uout(x)− eiωx∣∣ < Cx−1 for an an explicit C. Since
W is independent of H we choose a compactly supported H for which the right hand side of the estimate
above is finite. We thus have a quantitative estimate for
∣∣W−2∣∣. 
6. Application: Integrated local energy decay
We now apply Theorem 3.1 to prove Theorem 6.4, which provides a quantitative energy decay estimate
for solutions of the wave equation (5) on subextremal Kerr–Newman spacetimes which are supported
in a compact range of superradiant frequencies. This is the estimate appealed to in [6] to control the
horizon term |u(aω)mℓ (−∞)|2 in the bounded superradiant frequency region.
We wish to apply Carter’s separation to the solution of (5). In order to perform this separation, we
must be able to take the Fourier transform in time. We therefore deal with solutions of (5) which belong
to the following class of functions.
Definition 6.1. A smooth function f(t, r, θ, φ) is said to be admissible if for any multi-indices α, β s.t.
|α| ≥ 1, |β| ≥ 0, we have
1.
∫
r>r0
∫
S2
|∂αf |2|t=0r2 sin θdr dθ dφ <∞ for sufficiently large r0.
2.
∫ ∞
0
∣∣∂βf ∣∣2dt <∞ for any (r, θ, φ) ∈ (r+,∞)× S2.
3.
∫ ∞
0
∫
K
∣∣∂βf ∣∣2 sin θ dr dθ dφ dt <∞ for any compact K ∈ (r+,∞)× S2.
For an admissible function f we also define
|∂f |2 := |(∂t + ∂r∗)f |2 +∆|(∂t − ∂r∗)f |2 + r−2
(
sin−2 θ|∂φf |2 + |∂θf |2
)
.6 (18)
The main application of Theorem 3.1 in [6] is to admissible solutions ψ of (5) which are cut off as
follows.
6The apparent degeneration of this energy as r →∞ is due to the hyperboloidal nature of Σ0. The term ∆|(∂t − ∂r∗ )f |
2
converges to the transversal derivative at the horizon.
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Definition 6.2. Let Σ0 be a spacelike hyperboloidal hypersurface connecting the horizon H+ and future
null infinity. Let Σ1 be the time 1 image of Σ0 under the flow generated by ∂t. Then define a smooth cut-
off γ which is identically 0 in the past of Σ0 and identically 1 in the future of Σ1. We define ψQ := γψ,
which satisfies the inhomogeneous wave equation
gψQ = F, where F = (γ)ψ + 2∇µγ∇µψ. (19)
Proposition 6.3 (Carter’s separation). Admissible solutions f of (5) and (19) can be expressed as
f(t, r, θ, φ) =
Fourier transform︷ ︸︸ ︷
1√
2π
∫ ∞
−∞
∑
m,ℓ>|m|
R
(aω)
mℓ (r) · S(aω)mℓ (cos θ)eimφ︸ ︷︷ ︸
Oblate spheroidal expansion
e−iωt dω. (20)
The function R
(aω)
mℓ corresponding to f = ψ solves (8). The function R
(aω)
mℓ corresponding to f = ψQ
satisfies the inhomogeneous equation (12) with F = F
(aω)
mℓ , the Fourier transform of F projected to
the oblate spheroidal harmonic corresponding to λ
(aω)
mℓ . The rescaled function u
(aω)
mℓ satisfies (13) with
H = H
(aω)
mℓ := ∆(r
2 + a2)−1/2F
(aω)
mℓ , where this equality is to be understood in the sense of L
2
ω∈Bℓ
2
m,ℓ∈C.
Note moreover that this H is not compactly supported.
Proof. See [6, §5]. 
Theorem 6.4. Let ψQ be an admissible solution of (19) and let B ⊂ R and
C ⊂ {(m, ℓ) ∈ Z× Z | ℓ ≥ |m|}
such that
CB := sup
ω∈B
(
|ω|+ |ω|−1
)
<∞ and CC := sup
m,ℓ∈C
(
|m|+
∣∣∣λ(aω)mℓ ∣∣∣) <∞.
There exists a constant K := K(r0, r1, CB, CC , a,Q,M) such that∫
B
∑
m,ℓ∈C
((∣∣∣u(aω)mℓ (−∞)∣∣∣2 + ∣∣∣u(aω)mℓ (∞)∣∣∣2
)
+
∫ r1
r0
∣∣∣∂r∗u(aω)mℓ ∣∣∣2 + ∣∣∣u(aω)mℓ ∣∣∣2 dr∗
)
dω ≤
∫
Σ0
|∂ψ|2, (21)
where |∂ψ|2 is defined by (18), u(aω)mℓ =
√
r2 + a2R
(aω)
mℓ and each R
(aω)
mℓ solves (12) for ω ∈ B and
(m, ℓ) ∈ C.
Proof. For u satisfying the hypotheses of the theorem, we have for any r∗ ∈ (−∞,∞),
u(r∗) =W (ω,m, ℓ)−1
(
uout(r
∗)
∫ r∗
−∞
uhor(x
∗)H(x∗)dx∗ + uhor(r
∗)
∫ ∞
r∗
uout(x
∗)H(x∗)dx∗
)
, (22)
u′(r∗) = W (ω,m, ℓ)−1
(
u′out(r
∗)
∫ r∗
−∞
uhor(x
∗)H(x∗)dx∗ + u′hor(r
∗)
∫ ∞
r∗
uout(x
∗)H(x∗)dx∗
)
, (23)
where the inequalities above hold in the sense of L2ω∈Bℓ
2
m,ℓ∈C (see [19, §3] for the full derivation of this
representation).7
By the construction of uhor and uout, there exists a positive K := K(CB, CC , a,Q,M) such that
sup
r∗∈R,ω∈B,(m,ℓ)∈C
(|uhor|+ |uout|) < K <∞, (24)
Evaluating (22) at r∗ = −∞ and taking (24) into account,∫
B
∑
m,ℓ∈C
∣∣∣u(aω)mℓ (−∞)∣∣∣2 dω ≤ K lim sup
r∗→∞
∫
B
∑
m,ℓ∈C
W−2
∣∣∣∣
∫ ∞
r∗
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2 dω. (25)
For the term |u(∞)|2 we apply the microlocal energy current:
ω2
∣∣∣u(aω)mℓ (∞)∣∣∣2 = QT (∞) = QT (−∞) +
∫ ∞
−∞
(QT )
′dr∗
= ω(am− (2Mr+ −Q2)ω)
∣∣∣u(aω)mℓ (−∞)∣∣∣2 + ω
∫ ∞
−∞
Im(H
(aω)
mℓ u¯
(aω)
mℓ )dr
∗
7Roughly speaking, this is the converse of Lemma 5.4.
10
So by (25),
∫
B
∑
m,ℓ∈C
∣∣∣u(aω)mℓ (∞)∣∣∣2 dω ≤ K
∫
B
∑
m,ℓ∈C
W−2
∣∣∣∣
∫ ∞
−∞
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2 dω
+
∫
B
∑
m,ℓ∈C
ω
∫ ∞
−∞
Im(H
(aω)
mℓ u¯
(aω)
mℓ )dr
∗ dω. (26)
For the integral term, we begin by taking R1 much larger than r1 and applying (22):
∫
B
∑
m,ℓ∈C
sup
r∗∈(r0,r1)
∣∣∣u(aω)mℓ ∣∣∣2 dω ≤ K
∫
B
∑
m,ℓ∈C
W−2

 sup
r∗∈[r0,r1]
∣∣∣∣∣
∫ r∗
−∞
uhor(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣∣
2
+ sup
r∗∈[r0,r1]
∣∣∣∣∣
∫ R1
r∗
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣∣
2
+
∣∣∣∣
∫ ∞
R1
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2
)
dω
≤ K
∫
B
∑
m,ℓ∈C
W−2
(∫ R1
r+
|F |2dr +
∣∣∣∣
∫ ∞
R1
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2
)
dω.
This estimate may be integrated over (r0, r1) to obtain∫
B
∑
m,ℓ∈C
∫ r1
r0
∣∣∣u(aω)mℓ ∣∣∣2 dω ≤ K
∫
B
∑
m,ℓ∈C
W−2
(∫ R1
r+
|F |2dr +
∣∣∣∣
∫ ∞
R1
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2
)
dω. (27)
The same argument, with (22) replaced with (23) yields∫
B
∑
m,ℓ∈C
∫ r1
r0
∣∣∣(u(aω)mℓ )′∣∣∣2 dω ≤ K
∫
B
∑
m,ℓ∈C
W−2
(∫ R1
r+
|F |2dr +
∣∣∣∣
∫ ∞
R1
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2
)
dω. (28)
Collecting (25), (26), (27) and (28) and applying Theorem 3.1 to control W−2, we have∫
B
∑
m,ℓ∈C
((∣∣∣u(aω)mℓ (−∞)∣∣∣2 + ∣∣∣u(aω)mℓ (∞)∣∣∣2
)
+
∫ r1
r0
∣∣∣∂r∗u(aω)mℓ ∣∣∣2 + ∣∣∣u(aω)mℓ ∣∣∣2 dr∗
)
dω
≤ KG
∫
B
∑
m,ℓ∈C
[∣∣∣∣
∫ ∞
R1
uout(x
∗)H
(aω)
mℓ (x
∗)dx∗
∣∣∣∣2 +
∫ R1
r+
|F |2dr + ω
∫ ∞
−∞
Im(H
(aω)
mℓ u¯
(aω)
mℓ )dr
∗
]
dω.
It remains to control the right hand side of this estimate by
∫
Σ0
|∂ψ|2. The control of the first term is
achieved using the proof of [19, Lemma 3.3]. The remaining terms are controlled using the methods in
[6, §7]. 
Remark We can replace the hyperboloidal hypersurface Σ0 with an asymptotically flat hypersurface in
Theorem 6.4 as follows. Let Σ∗0 be an asymptotically flat hypersurface that agrees with Σ0 for {r ≤ R}
and which lies in the past of Σ0. Choosing R large enough that T is timelike in {r ≤ R}, applying the
T energy estimate immediately implies that∫
Σ0
|∂ψ|2 ≤ C
∫
Σ∗0
∣∣∣∇gΣ∗
0
ψ
∣∣∣2 + ∣∣nΣ∗0ψ∣∣2,
so we can then replace the right hand side of (21) by this integral over an asymptotically flat hypersurface.
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